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In [16] we propose a theory of contact invariants and open string invariants, assuming that every
periodic orbit of the Reeb vector field is either non-degenerate or of Bott-type, where we choose the
complex structure J˜ such that LX J˜ = 0 on periodic orbits. In this note we do not choose the complex
structure J˜ such that LX J˜ = 0 on periodic orbits, so we don’t mod the S1 action on every periodic
orbit. Thus we have to consider the moduli space of partially decorated stable nodal surfaces ( see
[3]). Then the moduli space of perturbed J holomorphic maps has codimension 1 boundary. But we
can still define the contact invariants and open string invariants, because the integrals (40), (41) are
convergent. Thanks of the exponential decay estimates of the gluing maps with respect to the gluing
parameter.
1. Symplectic manifolds with cylindrical ends
1.1. Contact manifolds. Let (M˜, λ) be a (2n − 1)-dimensional compact manifold equipped with a
contact form λ. We recall that a contact form λ is a 1-form on M˜ such that λ
∧
(dλ)n−1 is a volume
form. Associated to (M˜, λ) we have the contact structure ξ = ker(λ), which is a (2n−2)-dimensional
subbundle of TM˜ , and (ξ, dλ|ξ) defines a symplectic vector bundle. Furthermore, there is a unique
nonvanishing vector field X = Xλ, called the Reeb vector field, defined by the condition
λ(X) = 1, iXdλ = 0.
We have a canonical splitting of TM˜ ,
TM˜ = RX ⊕ ξ,
where RX is the line bundle generated by X .
1.2. Cylindrical almost complex structures. Let
(1) M+ = M+0
⋃{
[0,∞)× M˜
}
be a manifold with cylindrical end, where M+0 is a compact manifold with boundary, M˜ is a compact
contact manifold with contact form λ. Let
Φ = {φ ∈ C∞(R, [0, 1])|φ′ ≥ 0}
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2and define the 1-form λφ = φ(a)λ over [0,∞) × M˜ . Suppose that M+0 has a symplectic form ω.
Denote by ωφ the symplectic form of M+ such that ωφ|M+0 = ω, and over the cylinder [0,∞)× M˜
(2) ωφ = φdλ+ φ′da ∧ λ.
We will also consider R× M˜ . Denote by N one of M+ and R× M˜ .
We choose a dλ compatible almost complex structure J˜ for the symplectic vector bundle (ξ, dλ)→
M˜ such that
(3) gJ˜(x)(h, k) = dλ(x)(h, J˜(x)k)
for all x ∈ M˜, h, k ∈ ξx, defines a smooth fibrewise metric for ξ. Denote by Π : TM˜ → ξ the
projection along X . We define a Riemannian metric 〈 , 〉 on M˜ by
(4) 〈h, k〉 = λ(h)λ(k) + gJ˜(Πh,Πk)
for all h, k ∈ TM˜ .
Given a J˜ as above there is an associated almost complex structure J on R× M˜ defined by
(5) J |ξ= J˜ , JX = − ∂
∂a
, J(
∂
∂a
) = X,
where a is the canonical coordinate in R.
It is easy to check that J defined by (15) is ωφ-tame over the cylinder end. We can choose an almost
complex structure J on M+ such that J is tamed by ω and over the cylinder end J is given by (15).
For any φ ∈ Φ
(6) 〈v, w〉ωφ =
1
2
(ωφ(v, Jw) + ωφ(w, Jv)) ∀ v, w ∈ TN
defines a Riemannian metric on N . Note that 〈 , 〉ωφ is not complete. We choose another metric ( , )
on N such that
(7) ( , ) = 〈 , 〉ωφ on M+0
and over the tubes
(8) ((a, v), (b, w)) = ab+ λ(v)λ(w) + gJ˜(Πv,Πw).
It is easy to see that ( , ) is a complete metric on N .
1.3. Neighbourhoods of Lagrangian submanifolds. Let (M,ω) be a compact symplectic manifold,
L ⊂ M be a compact Lagrangian submanifold. The following Theorem is well-known.
Theorem 1.1. Let (M,ω) be a symplectic manifold of dimension 2n, and L be a compact Lagrangian
submanifold. Then there exists a neighbourhood U ⊂ T ∗L of the zero section, a neighbourhood
V ⊂M of L, and a diffeomorphism φ : U → V such that
(9) φ∗ω = −dΛ, φ|L = id,
where Λ is the canonical Liouville form.
3Let (x1, · · · , xn) be a local coordinate system on O ⊂ L, there is a canonical coordinates
(x1, · · · , xn, y1, · · · , yn)
on T ∗O = T ∗L|O. In terms of this coordinates the Liouville form can be written as
Λ =
∑
yidxi.
Let π : T ∗L→ L be the canonical projection. Suppose that given a Riemannian metric on L, in terms
of the coordinates x1, ..., xn, gL =
n∑
i,j=1
gijdxidxj . It naturally induced a metric on T ∗L.
Denote by Sn−1(1) (resp.B1(0)) the Euclidean unit sphere (resp. the Euclidean unit ball). Consider
the coordinates transformation between the sphere coordinates and the Cartesian coordinate
Ψ : (0, 1]× Sn−1(1)→ B1(0)
(r, θ1, · · · , θn−1)→ (y1, · · · , yn).(10)
Consider the unit sphere bundle M˜ and the unit ball bundle D1(T ∗L) in T ∗L, in terms of the coordi-
nates (x1, · · · , xn, y1, · · · , yn)
M˜ |π−1(O) = {(x1, · · · , xn, y1, · · · , yn) ∈ π
−1(O) |
n∑
i,j=1
gij(x)yiyj = 1},(11)
D1(T
∗L)|π−1(O) = {(x1, · · · , xn, y1, · · · , yn) ∈ π
−1(O) |
n∑
i,j=1
gij(x)yiyj ≤ 1}.(12)
Denote λ = −Λ |M˜ . We have
Λ = −|y|λ,
where | · | denotes the Euclidean norm. λ is a contact form, i.e., (M˜, λ) is a contact manifold. Put
ξ = ker(λ). Denote X = −
∑
gijyi
∂
∂xj
|M˜ . Then X is the Reeb vector field. Denote z = 1− |y|. By
Theorem 1.1 we consider M − L as
M+ =M+0
⋃
{(0, 1]× M˜}
with the symplectic form
(13) ω = −dΛ = (1− z)dλ− dz ∧ λ,
where M+ := M − L and M+0 is a compact symplectic manifold with boundary.
We choose the neck stretching technique. Let φ : [0,∞)→ [0, 1) be a smooth function satisfying,
for any k > 0,
φ′ > 0, lim
a→∞
φ(a) = 1, φ(0) = 0.
Through φ we consider M+ to be M+ = M+0
⋃
{[0,∞)×M˜} with symplectic form ωφ|M+0 = ω, and
over the cylinder [0,∞)× M˜
(14) ωφ = −dΛ = (1− φ)dλ− φ′da ∧ λ.
Denote
Φ = {φ : [0,∞)→ [0, 1)|φ′ > 0} .
4We choose a dλ compatible almost complex structure J˜ for the symplectic vector bundle (ξ, dλ)→
M˜ . There is an associated almost complex structure J on R× M˜ defined by
(15) J |ξ= J˜ , JX = ∂
∂a
, J(
∂
∂a
) = −X,
where a is the canonical coordinate in [0,∞).
2. J-holomorphic maps with finite energy
Let (Σ, i) be a compact Riemann surface and P ⊂ Σ be a finite collection of puncture points.
Denote
◦
Σ= Σ\P. Let u :
◦
Σ→ N be a J-holomorphic map, i.e., u satisfies
(16) du ◦ i = J ◦ du.
We write u = (a, u˜) and define
(17) E˜(u) =
∫
Σ
u˜∗dλ.
For any J-holomorphic map u :
◦
Σ→ N and any φ ∈ Φ the energy Eφ(u) is defined by
(18) Eφ(u) =
∫
Σ
u∗ωφ.
Let z = es+2π
√−1t. One computes
(19) u∗ωφ = (φdλ ((πu˜)s, (πu˜)t)) + φ′(a2s + a2t ))ds ∧ dt,
which is a nonnegative integrand. Following [11] we impose an energy condition on u. A J-
holomorphic map u :
◦
Σ→ N is called a finite energy J-holomorphic map if over the cylinder end
(20) sup
φ∈Φ
{∫
Σ
u∗ωφ
}
+
∫
Σ
u∗dλ <∞.
For a J-holomorphic map u : Σ→ R× M˜ we write u = (a, u˜) and define
(21) E˜(u) =
∫
Σ
u˜∗dλ.
Denote
E˜(s) =
∫ ∞
s
∫
S1
u˜∗(dλ).
Then
E˜(s) =
∫ ∞
s
∫
S1
|Πu˜t|
2dsdt,
(22) dE˜(s)
ds
= −
∫
S1
|Πu˜t|
2dt.
Here and later we use | · | denotes the norm with respect to the metric defined by (8).
Following Hofer et al. [3] we assume that
Condition A. the almost complex structure J either nondegenerate or of Bott-type.
The following theorems are well-known:
5Theorem 2.1. Denote D1(0) = {z ∈ C| |z| < 1}. Assume that Condition A holds. Let u = (a, u˜) :
D1(0)→ R× M˜ be a nonconstant J-holomorphic map with finite energy. Put z = e−s+2π
√−1t
. Then
lim
s→∞
u˜(s, t) = x(kT t)
in C∞(S1) for some kT -periodic orbit x of the Reeb vector field.
Following Hofer (see [11]) we introduce a convenient local coordinates (ϑ, w1, ..., w2n−2) around
the periodic orbit x, we call it a pseudo-Darboux coordinate system, such that
(23) λ = fλ0,
where λo = dϑ+
∑n−1
i=1 w
idwn−1+i and f : U → R is a smooth function satisfying
(24) f(ϑ, 0) = T, df(ϑ, 0) = 0
for all ϑ ∈ S1.
Theorem 2.2. Assume that Condition A holds. Let u = (a, u˜) : D1(0) → R × M˜ be as in Theorem
2.1. Then there are constants ℓ0, ϑ0 and 0 < c < 12 such that for all n = (n1, n2) ∈ Z2≥0
|∂n[a(s, t)− kTs− ℓ0]| ≤ Cne
−c|s|(25)
|∂n[ϑ(s, t)− kt− ϑ0]| ≤ Cne
−c|s|(26)
|∂nw(s, t)| ≤ C
n
e−c|s|,(27)
where C
n
are constants.
3. Weighted sobolev norms
Consider R × M˜ and M+ = M+0
⋃{
[0,∞)× M˜
}
. Let N be one of R × M˜ and M+. Suppose
that Σ =
⋃
v
Σv is Riemann surface with nodal points {q1, · · · , qI}, puncture points {p1, · · · , pν} and
u : Σ→
⋃
Ni is a continuous map such that the restriction of u to each smooth component is smooth,
where
⋃
Ni denotes the union of some copy of N . We choose cylinder coordinates (s, t) on Σ near
each nodal point and each puncture point. We choose a local pseudo-Darboux coordinate system near
each periodic orbit on N . Let
◦
Σ= Σ− {q1, · · · , qI, p1, · · · , pν}.
Over each tube the linearized operator Du takes the following form
(28) Du = ∂
∂s
+ J0
∂
∂t
+ S = ∂¯J + S.
By exponential decay we have ∣∣∣∣ ∂k+l∂sk∂tlS
∣∣∣∣ ≤ Ck,le−cs
for some constant Ck,l > 0 for s big enough. Therefore, the operator Hs = J0 ddt + S converges
to H∞ = J0 ddt . Obviously, the operator Du is not Fredholm operator because over each puncture
and node the operator H∞ = J Ddt has zero eigenvalue. The kerH∞ consists of constant vectors. To
recover a Fredholm theory we use weighted function spaces. We choose a weight α for each end. Fix
a positive function W on Σ which has order equal to eα|s| on each end, where α is a small constant
such that 0 < α < c and over each end H∞ − α = J0 ddt − α is invertible. We will write the weight
6function simply as eα|s|. Denote by C(Σ; u∗T (
⋃
Ni)) all tangent vector fields h on
⋃
Ni along u
satisfying
(a) h ∈ C0(Σ, u∗T (⋃Ni)),
(b) the restriction of h to each smooth component is smooth.
For any section h ∈ C(Σ; u∗T (
⋃
Ni)) and section η ∈ Ω0,1(u∗T (
⋃
Ni)) we define the norms
‖h‖1,p,α =
∑
v
(∫
Σv
(|h|p + |∇h|p)dµ
)1/p
+
∑
v
(∫
Σv
e2α|s|(|h|2 + |∇h|2)dµ
)1/2
(29)
‖η‖p,α =
∑
v
(∫
Σv
|η|pdµ
)1/p
+
∑
v
(∫
Σv
e2α|s||η|2dµ
)1/2
(30)
for p ≥ 2, where all norms and covariant derivatives are taken with respect to the metric ( , ) on
u∗T (
⋃
Ni) defined in (8), and the metric on
◦
Σ. Denote
C(Σ; u∗T (
⋃
Ni)) = {h ∈ C(Σ; u
∗T (
⋃
Ni)); ‖h‖1,p,α <∞},(31)
C(u∗T (
⋃
Ni)⊗ ∧
0,1) = {η ∈ Ω0,1(u∗T (
⋃
Ni)); ‖η‖p,α <∞}.(32)
Denote by W 1,p,α(Σ; u∗T (
⋃
Ni)) and Lp,α(u∗T (
⋃
Ni) ⊗ ∧
0,1) the completions of C(Σ; u∗T (
⋃
Ni))
and C(u∗T (
⋃
Ni) ⊗ ∧
0,1) with respect to the norms (29) and (30) respectively. Then the operator
Du : W
1,p,α → Lp,α is a Fredholm operator.
For each bounded nodal qi, denote Hqi = TqiN , for each unbounded nodal qi, denote Hqi =
TqiM˜ ⊕ (span{
∂
∂a
}. Put
H =
(
⊕νj=1(TpjM˜ ⊕ (span{
∂
∂a
})
)⊕(
⊕Ii=1Hqi
)
),
h0 = (h10, ..., hν0, h(1+ν)0, ..., h(I+ν)0).
h0 may be considered as a vector field in the coordinate neighborhood. We fix a cutoff function ρ:
ρ(s) =
{
1, if |s| ≥ d,
0, if |s| ≤ d
2
where d is a large positive number. Put
hˆ0 = ρh0.
Then for d big enough hˆ0 is a section in C∞(Σ; u∗TN) supported in the tube {(s, t)||s| ≥ d2 , t ∈ S
1}.
Denote
W1,p,α = {h+ hˆ0|h ∈ W
1,p,α, h0 ∈ H}.
We define the weighted Sobolev norm on W1,p,α by
‖(h, hˆ0)‖Σ,1,p,α = ‖h‖Σ,1,p,α + |h0|.
Obviously, the operator Du :W1,p,α → Lp,α is also a Fredholm operator.
74. Moduli spaces of J-holomorphic maps
4.1. Boundary conditions. Consider the symplectic manifold with cylindrical end
M+ = M+0
⋃{
[0,∞)× M˜
}
.
Let ((Σ, j);y,p) be a connected semistable curve with m marked points y = (y1, ..., ym) and ν
puncture points p = (p1, ..., pν), and u : Σ → M+ be a J-holomorphic map. Let Σ =
d⋃
v=1
(Σv, jv)
where (Σv, jv) is a smooth Riemann surface and πv : Σv → Σ is a continuous map. To describe the
boundary conditions we consider two different cases separately:
Case A . Moduli space of J-holomorphic maps in contact geometry.
Let (M˜, λ) be a compact contact manifold. Suppose that there exists a compact submanifold F ⊂
M˜ of dimension ≥ 2 satisfying
(a) dλ|F = 0,
(b) every periodic orbit of the Reeb vector field lies in F .
Let [ci], i = 1, · · · , a be a bases of H1(F ;Z).
Definition 4.1. Let p = (p1, · · · , pν) be the order puncture points. We assign a weight −→η to p:
−→η : p → Z⊕a>0 assigning a λi =
∑
a
l=1 ηil[cl] to each puncture point pi, where ηil ∈ Z. Choose
the cylinder coordinates (si, ti) near pi. We call a J-holomorphic map u satisfies (−→η ) boundary
condition if u satisfies
(33) lim
si→∞
u(si, S
1) ⊂ F , ∀ 1 ≤ i ≤ ν,
(34) [ lim
si→∞
u(si, S
1)] = ηi, ∀ 1 ≤ i ≤ ν.
Case B. Moduli space of J-holomorphic maps in (M,L).
As we show in section §1.3 that M − L can be considered as M+ = M+0
⋃{
[0,∞)× M˜
}
. Let
[ci], i = 1, · · · , a is a bases in H1(L;Z).
Definition 4.2. Let p = (p1, · · · , pν) be the order puncture points. We assign a weight −→µ to p:
−→µ : p → Z⊕a>0 assigning a µi =
∑
a
l=1 µil[cl] to each puncture point pi, where µil ∈ Z. Choose
the cylinder coordinates (si, ti) near pi. We call a J-holomorphic map u satisfies (−→µ ) boundary
condition if u satisfies
(35) [π( lim
si→∞
u(si, S
1))] = µi, ∀ 1 ≤ i ≤ ν,
where π : T ∗L→ L is the canonical projection.
84.2. Homology. Case A . We fixA ∈ H2(M+,F ;Z) satisfying ∂A =
∑
ηi.Consider a J-holomorphic
map u satisfying
(36) [u(Σ)] = A.
We show that the homology class A give a bound of Energy. To simplify notation we assume that
ν = 1. Let (u, (Σ, j),y, p) be a J-holomorphic map. By Theorem 2.1 u˜ converges to a kT -periodic
orbit x(kT t) as z tends to p. We construct a connected surface W ⊂ F with boundary x(kT t). Then
u(Σ) ∪W is a closed surface in M+ and
[u(Σ) ∪W ] ∈ H2(M+;Z).
Denote A¯ = [u(Σ) ∪W ]. By dλ|F = 0 we have
(37) ω(A¯) =
∫
u(Σ)
ω +
∫
W
ω = Eφ(u) +
∫
W
dλ = Eφ(u).
Let W ′ ⊂ F be another surface with boundary x, denote A¯′ = [u(Σ) ∪W ′] ∈ H2(M+;Z). We have
ω(A¯) = ω(A¯′) = Eφ(u), that is, Eφ(u) is independent of the choice of W in F .
Case B . Let A ∈ H2(M,L;Z) be a fixed homology class satisfying ∂A =
∑
µi. We have the
same results.
5. Compactness theorems
5.1. Holomorphic blocks in M+. Let ((Σ, j);y,p) be a connected semistable curve with m marked
points y = (y1, ..., ym) and ν puncture points p = (p1, ..., pν). Let u : Σ → M+ be a J-holomorphic
map with finite energy. Suppose that u(z) converges to a ki · Ti-periodic orbit x(kiTit) as z tends to
pi.
Definition 5.1. A J-holomorphic map (u; ((Σ, j),y,p)) is said to be stable if for each v one of the
following conditions holds:
(1). u ◦ πΣv : Σv →M+ is not a constant map.
(2). Let valv be the number of special points on Σv which are nodal points, marked points or
puncture points. Then valv + 2gv ≥ 3.
Definition 5.2. Two stable J-holomorphic maps Γ = (u, (Σ, j),y,p) and Γˇ = (uˇ, (Σˇ, jˇ), yˇ, pˇ) is
called equivalent if there exists a diffeomorphism ϕ : Σ → Σˇ such that it can be lifted to bi-
holomorphic isomorphisms ϕvw : (Σv, jv)→ (Σˇw, jˇw) for each component Σv of Σ, and
(1) ϕ(yi) = yˇi, ϕ(pj) = pˇj for any 1 ≤ i ≤ m, 1 ≤ j ≤ ν,
(2) uˇ ◦ ϕ = u.
Denote byMA(M,F ; g,m+ν,y,p,−→µ ) the moduli space of equivalence classes of all J-holomorphic
curves in M+ representing the homology class A and satisfying (−→µ ) boundary condition.
9Lemma 5.3. There is a constantC > 0 depending onA and−→µ such that for any b = (u; (Σ, j),y,p) ∈
MA(M,F ; g,m+ ν,y,p,
−→µ ) we have, over cylinder end,
(38) Eφ(u) +
∫
Σ
u∗dλ ≤ C.
The Du :W1,p,α → Lp,α is a Fredholm operator with ind = dim(kerDu)− dim(cokerDu). Put
IndL = ind+ 6(g − 6) + 2(m+ ν).
The virtual dimension of MA(M,F ; g,m+ ν,y,p,−→µ ) is IndL.
5.2. Holomorphic blocks in R × M˜ . In order to compactify the Moduli space MA(M,F ; g,m +
ν,y,p,−→η ) and MA(M,L; g,m+ ν,y,p,−→µ ) we need to consider J-holomorphic maps into R× M˜ .
Let ((Σ, j);y,p+,p−) be a connected semistable curve with m marked points y = (y1, ..., ym) and
ν± puncture points p+ = (p+1 , ..., p+ν+), p− = (p
−
1 , ..., p
−
ν−), and u : Σ→ R× M˜ be a J-holomorphic
map. Suppose that u(z) converges to a k±i · Ti±-periodic orbit xk±i as z tends to p
±
i .
There is a R action, which induces a R-action on the moduli space of J-holomorphic maps. We
need mod this action.
Definition 5.4. Two J-holomorphic maps Γ = (u, (Σ, j),y,p+,p−) and Γˇ = (uˇ, (Σˇ, jˇ), yˇ, pˇ+, pˇ−)
are called equivalent if there exists a diffeomorphism ϕ : Σ → Σˇ such that it can be lifted to bi-
holomorphic isomorphisms ϕvvˇ : (Σv, jv)→ (Σˇvˇ, jvˇ) for each component Σv of Σ, and
(1) ϕ(yi) = yˇi, ϕ(p+j ) = pˇj+, ϕ(p−l ) = pˇl− for any 1 ≤ i ≤ m, 1 ≤ j ≤ ν+, 1 ≤ l ≤ ν−; u and
uˇ ◦ ϕ converges to the same periodic orbit xk±i at z tends to p
±
i ;
(2) aˇ ◦ ϕ = a+ C, ˇ˜u ◦ ϕ = u˜ for some constant C;
Definition 5.5. A J-holomorphic map (u; ((Σ, j),y,p)) is said to be stable if for each v one of the
following conditions holds:
(1). E˜(u ◦ πΣv) 6= 0,
(2). Let valv be the number of special points on Σv which are nodal points, marked points or
puncture points. Then valv + 2gv ≥ 3.
For any A ∈ H2(R× M˜,F ;Z) we define dλ(A) as following: let v : R× S1 → R× M˜ be a C∞
map such that [v(R× S1)] = A, we define dλ(A) :=
∫
R×S1 v
∗(dλ).
We fix A ∈ H2(R× M˜,F ;Z) and k± = (k±1 , ..., k±ν±) satisfying
(39) dλ(A) =
ν+∑
i=1
k+i · Ti+ −
ν−∑
i=1
k−i · Ti− .
We define MA(R×M˜, g,m+ν++ν−,k−,k+) to be the space of equivalence classes of all stable
J-holomorphic maps in R× M˜ representing A and converging to a k±i ·Ti±-periodic orbits as z tends
to p±i . For any (u,Σ,y,p+,p−) ∈ MA(R × M˜, g,m + ν+ + ν−,k−,k+), by Stoke’s formula we
have
dλ(A) =
∫
Σ
u∗dλ =
ν+∑
i=1
λ(k+i x
+
i )−
ν−∑
i=1
λ(k−i x
−
i ) =
ν+∑
i=1
k+i · Ti+ −
ν−∑
i=1
k−i · Ti− .
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We call MA(R× M˜ ; g,m+ ν+ + ν−,k−,k+) a holomorphic rubber block in R× M˜ .
Using the holomorphic blocks in M+ and the holomorphic rubber blocks in R× M˜ we can get the
compactified moduli spaces MA(M,F ; g,m + ν,y,p,−→η ) and MA(M,L; g,m + ν,y,p,−→µ ) (see
[16]).
6. Contact invariants and Open string invariants
When the transversality fails we need to take the stabilization ( we use the terminology ”regular-
ization” in this paper). By a standard regularization procedure (see [20, 6, 4, 5, 15]) we get a finite
dimensional virtual orbifold system
{(UI , EI , σI)|I ⊂ {1, 2, · · · , n}}
indexed by a partially ordered set (I = 2{1,2,··· ,n},⊂). Under some technical condition we can show
that {UI,ǫ(M+)} is oriented, and the top strata of UI is a smooth orbifold.
Let Λ = {ΛI} be a partition of unity and {ΘI} be a virtual Euler form of {EI} such that ΛIΘI is
compactly supported in UI,ǫ. The contact invariant can be defined as
(40) Ψ(C)
(A,g,m+ν,−→η )(α1, ..., αm; βm+1, ..., βm+ν) =
∑
I
∫
UI,ǫ
∏
i
e∗iαi ∧
∏
j
e∗jβj ∧ ΛIΘI .
for αi ∈ H∗(M+,R) and βj ∈ H∗(F ,R) represented by differential form. Clearly, ΨC = 0 if∑
deg(αi) +
∑
deg(βi) 6= Ind
C
.
Similarly, the open string invariant can be defined as
(41) Ψ(L)
(A,g,m+ν,−→µ )(α1, ..., αm; βm+1, ..., βm+ν) =
∑
I
∫
UI,ǫ
∏
i
e∗iαi ∧
∏
j
e∗jβj ∧ ΛIΘI .
for αi ∈ H∗(M+,R) and βj ∈ H∗(L,R). Clearly, Ψ(L) = 0 if
∑
deg(αi) 6= Ind
L
.
We consider the open manifold R× M˜ . By the same method above we can define the local contact
invariants Ψ(C,ℓ)
(A,g,m+ν,−→η ) and local open string invariants Ψ
(L,ℓ)
(A,g,m+ν,−→µ ).
It is proved that these integrals are independent of the choices of ΘI and the regularization (see
[6]), if they exist. The key issue is the convergence of the integrals near each lower strata.
We use the gluing argument. We only consider the one nodal case, for general cases the proof is
the same. Let b = (u1, u2; Σ1 ∧ Σ2, j1, j2), where (Σ1, j1) and (Σ2, j2) are smooth Riemann surfaces
of genus g1 and g2 joining at q and ui : Σi → M are J-holomorphic with u1(q) = u2(q). We
use the holomorphic cylindrical coordinates (si, ti) near q. In terms of the holomorphic cylindrical
coordinates we write
Σ1 − {q} = Σ10
⋃
{[0,∞)× S1},
Σ2 − {q} = Σ20
⋃
{(−∞, 0]× S1}.
For any gluing parameter r we construct a surface Σr = Σ1#rΣ2. Then we glue the map (u1, u2)
to get the pregluing maps ur, a family of approximate J-holomorphic maps. Denote by Qb : Lp,α →
Kb×W
1,p,α a right inverse of DSb. Then DSb(r) is surjective for r large enough. Moreover, there is a
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right inverses Qb(r) . By implicit function theorem, there exists a small open set O of 0 ∈ Ker DSb(r)
and a unique smooth map
f(r) : O → L
p,α
r (u
∗
(r)TM ⊗ ∧
0,1)
such that for any (κ, h) ∈ O
∂¯J expu(r)(ζ) + κv = 0,
where
(κv, ζ) = ((κ, h) +Qb(r) ◦ f(r)(κ, h)).
Put
E1 := KerDSu1, E2 := KerDSu2 , H = TqM,
Denote
KerDSb := E1
⊕
H
E2.
We can prove that when r large enough there is an isomorphism
Ir : KerDSb −→ KerDSb(r).
Then we get a gluing map Ir(κ, ζ) +Qb(r) ◦ f(r) ◦ Ir(κ, ζ) from Oj1 ×Oj2 ×O into the moduli space,
whereO is a neighborhood of 0 inKerDSb,Ojk is a neighborhood of jk, k = 1, 2. Then ((j1, j2), r, τ)
is a local coordinate system in Delingne-Mumford space. We may choose ((j1, j2), r, τ, κ, ζ) as a local
coordinate system in the moduli space. Using the same method in [17] we can get the following
Theorem 6.1. Let l ∈ Z+ be a fixed integer. There exists positive constants C, ~, R0 and α < 116e4
such that for any (κ, ζ) ∈ KerDSb with ‖(κ, ζ)‖ < ~ the following estimates hold
(I)
∥∥∥ ∂∂r (Ir(κ, ζ) +Qb(r) ◦ f(r) ◦ Ir(κ, ζ))∥∥∥
1,p,α,r
≤ Ce−α
lr
8 .
(II) Restricting to the compact set {|si| ≤ R0}, we have∣∣∣∣π′2 ◦ ∂∂r (Ir(κ, ζ) +Qb(r) ◦ f(r) ◦ Ir(κ, ζ))
∣∣∣∣ ≤ Ce−αlr8 ,
where π′2(κ, h) := h for any (κ, h) ∈ Kb(r) ×W1,p,αr (Σ(r); u∗(r)TM).
Corollary 6.2. Let (κ, ζ) be as in Theorem 6.1, denote
Ir(κ, ζ) +Qb(r) ◦ f(r)(Ir(κ, ζ)) = (κr, h(r)).
Then, restricting to the compact set {|si| ≤ R0}, we have
(42)
∣∣∣∣ ∂∂r expu(r) h(r)
∣∣∣∣ ≤ Ce−αlr8 .
We use this estimate to show the convergence of the integrals (40), (41).
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7. Weinstein Conjecture
The local contact invariants Ψ(C,ℓ)
(A,g,m+ν,−→η ) and local open string invariants Ψ
(L,ℓ)
(A,g,m+ν,−→µ ) can be
used to study the Weinstein Conjecture. In particular, if Ψ(C,ℓ)
(A,g,m+ν,−→η ) 6= 0, there is a perturbed J-
holomorphic map (κ, v) with finite energy, which satisfies
∂¯Jv + Pu;vκ = 0.
Note that κ supports in a compact set, so there is a finite energy J-holomorphic map into R× M˜ . By
the Theorem 2.1, there is a periodic orbit of the Reeb vector field on M˜ . The argument holds also for
Ψ
(L,ℓ)
(A,g,m+ν,−→µ ) 6= 0. Thus we have
Theorem 7.1. The following hold
(1) If Ψ(C,ℓ)
(A,g,m+ν,−→η ) 6= 0 then there is a periodic orbit of the Reeb vector field on M˜ ;
(2) If Ψ(L,ℓ)
(A,g,m+ν,−→µ ) 6= 0 then there is a periodic orbit of the Reeb vector field on M˜ .
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